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Abstract 

In this paper, we introduce the concept of mixed (G, 5)-monotone mappings and 
prove coupled coincidence and coupled common fixed point theorems for such mappings 
satisfying a nonlinear contraction involving altering distance functions. Presented 
theorems extend, improve and generalize the very recent results of Harjani, Lopez 
and Sadarangani [J. Harjani, B. Lopez and K. Sadarangani, Fixed point theorems for 
' ■^ . mixed monotone operators and applications to integral equations, Nonlinear Analysis 

(2010), doi:10.1016/j.na.2010.10.047] and other existing results in the literature. Some 
applications to periodic boundary value problems are also considered. 
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<N ■ 1 Introduction and preliminaries 

in ' 

Fixed point problems of contractive mappings in metric spaces endowed with a partially 
order have been studied by many authors (see [T]-|17j). Bhaskar and Lakshmikantham [3] 
introduced the concept of a coupled fixed point and studied the problems of a uniqueness 
of a coupled fixed point in partially ordered metric spaces and applied their theorems 
to problems of the existence of solution for a periodic boundary value problem. In j8], 
Lakshmikantham and Ciric established some coincidence and common coupled fixed point 
theorems under nonlinear contractions in partially ordered metric spaces. Very recently, 
Harjani, Lopez and Sadarangani [7] obtained some coupled fixed point theorems for a 
mixed monotone operator in a complete metric space endowed with a partial order by 
using altering distance functions. They applied their results to the study of the existence 
and uniqueness of a nonlinear integral equation. 

Now, we briefly recall various basic definitions and facts. 

Definition 1.1 (see Bhaskar and Lakshmikantham Let (X, be a partially ordered 
set and F : X x X — > X. Then the map F is said to have mixed monotone property if 
F(x, y) is monotone non- decreasing in x and is monotone non-increasing in y, that is, for 
any x, y £ X, 

x\ ^ X2 implies F(x\,y) ^ F(x2,y) for all y € X 
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and 

V\ ^ V2 implies F{x,y2) ^ F(x,y±) for all x € X. 
The main result obtained by Bhaskar and Lakshmikantham [3] is the following. 

Theorem 1.1 (see Bhaskar and Lakshmikantham f^). Let (X, X) be a partially ordered 
set and suppose there is a metric d on X such that (X, d) is a complete metric space. Let 
F : X x X —> X be a mapping having the mixed monotone property on X. Assume that 
there exists k € [0, 1) such that 

k 

d(F(x, y),F(u, v)) < — [d(x, u) + d(y, v)] for each u ■< x and y ^ v. 

Suppose either F is continuous or X has the following properties: 

(i) if a non- decreasing sequence x n — > x, then x n -< x for all n, 

(ii) if a non-increasing sequence x n — > x, then x -< x n for all n. 
Lf there exist xo,yo G X such that 

xo ^ F(x ,y ) and F(y ,x ) ^ y , 

then F has a coupled fixed point. 

Inspired by Definition II. 1| Lakshmikantham and Ciric in [8] introduced the concept of 
a ^-mixed monotone mapping. 

Definition 1.2 (see Lakshmikantham and Ciric JED- Let (X,^) be a partially ordered 
set, F : X x X — > X and g : X — > X. Then the map F is said to have mixed g-monotone 
property if F(x, y) is monotone g -non- decreasing in x and is monotone g -non-increasing 
in y, that is, for any x, y G X, 

gx\ < gx2 implies F(x\,y) ■< F(x2,y) for all y S X 

and 

9Vi ^ 9U2 implies F{x,yz) < F(x,yi) for all x € X. 

Definition 1.3 (see Lakshmikantham and Ciric JB$)- Let X be a non-empty set, and let 
F : X x X — > X, g : X — > X be given mappings. An element (x,y) € X x X is called a 
coupled coincidence point of the mappings F and g if F(x,y) = gx and F(y,x) = gy. 

Definition 1.4 (see Lakshmikantham and Ciric \Bj)- Let X be a non-empty set. Then we 
say that the mappings F : X x X — > X and g : X X are commutative if 

g(F(x,y)) = F(gx,gy). 

The main result of Lakshmikantham and Ciric [8] is the following. 
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Theorem 1.2 (see Lakshmikantham and Ciric \3$)- Let (X, ^) be a partially ordered set 
and suppose there is a metric d on X such that (X, d) is a complete metric space. Assume 
there is a function (p : [0, +00) — >■ [0, +00) with cp(t) < t and lim r _ >4 + <j>{r) < t for each 
t > and also suppose F : X x X — >■ X and g : X — > X are such that F has the mixed 
g-monotone property and 

for all x,y,u,v € X with gx ^ gu and gv ^ gy. Assume that F(X x X) C g(X), g is 
continuous and commutes with F and also suppose either F is continuous or X has the 
following properties: 

(i) if a non- decreasing sequence x n — > x, then x n -< x for all n, 

(ii) if a non-increasing sequence x n — > x, then x -< x n for all n. 

If there exist xo,yo G X such that gxo ^ F(xo,yo) and F(yo,xo) ^ gyo then there exist 
x,y G X such that gx = F(x,y) and gy = F(y,x), that is, F and g have a coupled 
coincidence point. 

Very recently, Harjani, Lopez and Sadarangani [7] established coupled fixed point the- 
orems for a mixed monotone operator satisfying contraction involving altering distance 
functions in a complete partially ordered metric space. 

Denote by T the set of functions <p : [0, +00) — > [0, +00) satisfying the following properties: 

(a) if is continuous and non-decreasing, 

(b) ip(t) = if and only if t = 0. 

Theorem 1.3 (Harjani, Lopez and Sadarangani [1]). Let (X, X) be a partially ordered set 
and d be a metric on X such that (X, d) is a complete metric space. Let F : X x X — > X 
be a mapping having the mixed monotone property on X and satisfying 

(p(d(F(x, y),F(u, v)) < (p(max.{d(x, u),d(y, v)}) — $(max{d(x, u),d(y, v)}) 

for all x,y,u,v € X with u ■< x and y ■< v, where <p,ifj G T . Suppose either F is continuous 
or X has the following properties: 

(i) if a non- decreasing sequence x n — > x, then x n -< x for all n, 

(ii) if a non-increasing sequence x n — > x, then x -< x n for all n. 

If there exist xo,yo £ X such that xo ^ F(xo,yo) and F(yo,xo) ^ yo then F has a coupled 
fixed point. 

In this paper, we introduce the concept of mixed (G, S')-monotone mappings and prove 
coupled coincidence and coupled common fixed point theorems for such mappings satisfying 
a nonlinear contraction involving altering distance functions. Presented theorems extend, 
improve and generalize the results of Harjani, Lopez and Sadarangani [7j. As applications 
of our obtained results, we study the existence and uniqueness of solution to periodic 
boundary value problem. 
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2 Main Results 



Now, we introduce the concept of mixed (G, S')-monotone property. 

Definition 2.1 Let X be a non-empty set endowed with a partial order -<. Consider the 
mappings F : X x X — > X and G,S : X — > X. We say that F has the mixed (G,S)- 
monotone property on X if for all x, y £ X, 



Remark 1 // we take G = S, then F has the mixed (G , S) -monotone property implies 
that F has the mixed G-monotone property. 

Now, we state and prove our first result. 

Theorem 2.1 Let (X, ■<) be a partially ordered set and suppose that there exists a metric 
d on X such that (X, d) is a complete metric space. Let G,S : X — >■ X and F : X x X — > X 
be a mapping having the mixed (G, S) -monotone property on X. Suppose that 



if(d(F(x, y), F(u, v))) < ip(m&x{d(Gx, Su),d(Sy, Gv)}) — (f)(meLx{d(Gx, Su), d(Sy, Gv)}), 

(1) 



for all x, y, u, v € X with G{x) ■< S(u) or G(x) >z S(u) and S(y) >z G{v) or S(y) -< G(v), 
where if, (ft € T . Assume that F(X x X) C G(X) n S(X) and assume also that G, S and 
F satisfy the following hypotheses: 

(I) F,G and S are continuous, 

(II) F commutes respectively with G and S. 

If there exist xq, yo, x\ and y\ such that 



xi, x 2 € X, G(xi) r< S(x 2 ) F(xi,y) < F(x 2 ,y), 

xi, x 2 G X, G(xi) h S{x 2 ) F(xi,y) h F(x 2 ,y), 

yi , y 2 G X, G( yi ) r< S(y 2 ) F(x, yi ) h F(x, y 2 ), 

yi) 2/2 G X, G( yi ) h S(y 2 ) F{x, yi ) ± F{x, y 2 ). 



{ 



G(x ) ^ S'(xi) ^ F(x ,y ); 
G(y )>zS(y 1 )> 1 F(y ,x ), 



then there exist x, y G X such that 



G(x) = S(x) = F(x,y) and G(y) = S(y) = F(y,x) 



that is, G,S and F have a coupled coincidence point (x,y) G X x X. 



Proof. Let xq, yo, X\, y\ G X such that 



G(x ) ^ 5(xi) < F{x ,yo) and G(y ) h S( yi ) >z F(y , x ). 



Since F(X x X) C G(X) PI S(X), we can choose x 2 , y 2 , xs, ys G X such that 




and 
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Continuing this process we can construct sequences {x n } and {y n } in X such that 



G{x 2n+2 ) = F(x 2n ,y 2n ) . f S(x 2n+3 ) = F(x 2n+1 ,y 2n+1 ) 

G(y 2n+2 ) = F(y 2n ,x 2n ) ' \ S(y 2n+3 ) = F(y 2n+ i, x 2n+ i) 



for all n > 0. 



(2) 



We shall show that for all n > 



G(x 2 n) ^ 5 , (x 2n +l) ^ G(2:2n+2) 



(3) 



and 



G(y 2n ) > S(y 2n+ i) > G(y 2n+2 ). 



(4) 



As G(x ) ■< S(xi) ■< F(x ,y ) = G(x 2 ) and G(y ) y S(yi) h F(y ,x ) = G(y 2 ), our claim 
is satisfied for n = 0. 

Suppose that ([3]) and (JU) hold for some fixed n > 0. Since G{x 2n ) ■< S(x 2n +i) ^ G(x2n+2) 
and G(y 2n ) y S(y 2n +l) ^ G(y 2n+2 ), and as F has the mixed (G, S) -monotone property, 
we have 

G(x 2n+2 ) = F(x 2n ,y 2n ) ^ F(x 2n+ i,y 2n ) ^ F(x 2n+1 , y 2n +i) ^ F(x 2n+2 ,y 2n+1 ) ^ F(x 2n+2 ,y 2n+2 ), 
then 



On the other hand, 

G{y 2n +2) = F(y 2n ,x 2n ) y F(y 2n+1 ,x 2n ) y F(y 2n+ i,x 2n+ i) y F(y 2n+2 ,x 2n+ i) y F(y 2n+2 ,x 2n+2 ), 
then 



Thus by induction, we proved that ([3]) and hold for all n > 0. 
We complete the proof in the following steps 

Step 1: We will prove that 

lim d(F(x n ,y n ), F(x n +i,y n +i)) = 1™ d(F(y n , x n ), F(y n+ i, x n +i)) = 0. (5) 

n— >+oo n— >+oo 

From ©, (gj) and ©, we have 

(p(d(F(x 2n , y 2n ), F(x 2n+ i, y 2n +i))) (6) 

< <p(max{d(Ga; 2n , Sx 2n+1 ),d(Gy 2n , Sy 2n+1 )}) - <p(max{d(Gx 2n , Sx 2n+1 ), d(Gy 2n , Sy 2n+ i)}) 

< ip(max{d(Gx 2n , Sx 2n+ i),d(Gy 2n , Sy 2n+ %)}). (7) 

Since <p is a non-decreasing function, we get that 

d(F(x 2n ,y 2n ),F(x 2n+ i,y 2n+1 )) < max{d(Gx 2n , Sx 2n+1 ), d(Gy 2n , Sy 2n+1 )}. 
Therefore 



G(x 2n+2 ) ^ 5(x 2 n+3) ^ G{x 2n+i ). 



G(y 2n+2 ) y S(y 2n+3 ) y G(y 2n+i ). 



d(Gx 2n+2 ,Sx 2n+3 ) < max{d(Gx 2n , Sx 2n+ i), d(Gy 2n , Sy 2n+ i)}. 



(8) 
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Again, using ([3]), Q and (P), we have 

(p(d(F(y 2n ,X 2n ),F(y 2n+1 ,X 2n+1 ))) 

< <p(max{d(Gy 2n , Sy 2n+ i), d(Gx 2n , Sx 2n+1 )}) - (f)(max{d(Gy 2n , Sy 2n+ i),d(Gx 2n , Sx 2n+ i)}) 

< ip(max{d(Gy 2n ,Sy 2n+ i),d(Gx 2n ,Sx 2n+ i)}). (9) 

Since <p is non-decreasing, we have 

d(F(y 2n ,x 2n ),F(y 2n+ i,x 2n+ i)) < max{d(Gy 2n , Sy 2n+1 ), d(Gx 2n , Sx 2n+1 }. 
Therefore 

d(Gy 2n+2 , Sy 2n+3 ) < max{d(Gy 2n , Sy 2n +i),d(Gx 2n , Sx 2n+1 )}. (10) 
Combining ([8]) and f j 1 [) . we obtain 

max{d(Gx 2n+2 , Sx 2n+3 ), d(Gy 2n+2 , Sy 2n+3 )} < max{d(Gx 2n , Sx 2n+1 ),d(Gy 2n , Sy 2n+1 )}. 

Then | may.{d{Gx 2n , Sx 2n+ i), d(Gy 2n , Sy 2n+ i)}^j is a positive decreasing sequence. Hence 
there exists r > such that 

lim max{d(Gx 2n , Sx 2n+1 ), d(Gy 2n , Sy 2n+l )} = r. 

n— >+oo 

Combining ([7]) and Q, we obtain 

max{ cp {d{ Gx 2n+2 , Sx 2n+3 )), ip (d(Gy 2n+2 , Sy 2n+3 )) } 

< v?(max{d(G ! X2n, Sx 2n+1 ),d(Gy 2n , Sy 2n+1 )}) - (j)(max{d(Gx 2n , Sx 2n+1 ),d(Gy 2n , Sy 2n+ i)}). 
Since is non-decreasing, we get 

ip(max{d(Gx 2n+2 , Sx 2n+3 ), d{Gy 2n+2 , Sy 2n+3 )}) 

< ip(max{d(Gx 2n , Sx 2n+1 ),d(Gy 2n , Sy 2n+1 )}) - (f>(max{d(Gx 2n , Sx 2n+1 ),d(Gy 2n , Sy 2n+ i)}). 
Letting n — > +oo in the above inequality, we get 

ip(r) < tp(r) - <t>(r), 

which implies that (f)(r) = and then, since <j) is an altering distance function, r = 0. 
Consequently 

lim max{d(F(x 2n ,y 2n ),F(x 2n+ i,y 2n+ i)),d(F(y 2n ,x 2n ),F(y 2n+1 ,x 2n+1 ))} = 0. (11) 

n— >+oo 

By the same way, we obtain 
lim max{d(F(x 2n+l , y 2n +i), F(x 2n+2 ,y 2n+2 )), d(F(y 2n+1 , x 2n+ i), F(y 2n+2 , x 2n+2 ))} = 0. 

n— >+oo 

(12) 

Finally, ([TT]) and ([12]) give the desired result, that is, ([5]) holds. 
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Step 2: We will prove that F(x n , y n ) and F{y n ,x n ) are Cauchy sequences. 
From dSJ, it is sufficient to show that F(x 2n ,y 2n ) and F{y 2n , X2 n ) are Cauchy sequences. 
We proceed by negation and suppose that at least one of the sequences F(x 2n ,y 2n ) or 
F(y2n,X2n) is not a Cauchy sequence. 

This implies that d(F(x 2n ,y 2n ),F(x 2m ,y 2m )) ^ or d(F(y 2n , x 2n ), F(y 2m , x 2m )) ^ as 

n, m — > +oo. 

Consequently 

max{d(F(x 2n ,y 2n ),F(x 2m ,y 2m )),d(F(y 2n ,x 2n ),F(y 2m ,x 2m ))} ~» 0, as n, m +00. 

Then there exists e > for which we can find two subsequences of positive integers {m{i)} 
and {n(i)} such that n(i) is the smallest index for which n(i) > m{i) > i, 

max{d(F(x 2m ^,y 2m( ^),F(x 2n ^,y 2n ^)),d(F(y 2 ^ > e. (13) 

This means that 

max{d(F(x 2m (i) , y 2m (i)), F(x 2n ^y 2 ,y 2n ^ 2 )), d(F(y 2m (i) , x 2m (i)), F(y 2n (i)-2, x 2n {i)-2))} < £• 

(14) 

From ()2.ip . ()14[) and using the triangular inequality, we get 

e < max{d(F(x 2m (i) , y2m(t)), F (x 2n (i-),y 2n ^)),d(F(y 2m ^ , x 2m (i)), F(y 2n (i), x 2n (i)))} 

< m&x{d(F(x 2m (i) , y 2 m(i)),F{x 2n {i)-2,y2n(i)~2)),d{F{y2 m (i) , «2m(*))> F (y 2n ^_ 2 , x 2n ^_ 2 ))} 

+ max{d(F(x 2n (i)_ 2 , y 2n (i)-2), F(x 2n (i)-i, y 2n (i)-i)), d(F(y 2n (i)- 2 ,x 2n ^_ 2 ), ^(z/2n(i)-l ; ^2n(i)-l))} 

+ Kl&x{d(F(x2 n (i)-i,y2n(i)-l),F(x2n(i),y2n(i))), (Ffan®-! , »2n(i)-l) » F (y 2n (i) , X 2n (i) ))} 

< e + max{d(F(x 2n (i)_2, y 2 n(i)-2), F(y 2n (i)-i, x 2n (i)-i)), d(F(y 2n (i)- 2 , x 2n( $_ 2 ), F(y 2n( iy 1 ,x 2n ^ i y 1 ))} 

+ max{(F(x 2n (;)_l,y 2 n(j)-l),^(^2n(i),^ 

Letting £ — >• +oo in above inequality and using (JSJ), we obtain that 

iij™oo maX ( d ( i? ( X 2m(i) , 2/2m(i) ) , ^(^2n(i) » J/2n(i) ) ) > d(F(y 2m (i) , X 2m (j) ) , F(y 2n (i) , X 2n( ^ ) )) = £. 

(15) 

Also, we have 

e < max{d(F(x 2m( i) , y 2m (i)), F (x 2n (i) , y 2n (i))) , d(F(y 2m ^ , x 2m( j)), F(y 2n( $, x 2n ^))} 

< max{d(F(x 2m (i) , y 2 m(i)), -F(j/2m(i)-l> ^2m(i)-l)), d (F(y 2m( i) , x 2m (i)), F(y 2m (i)-i, x 2m (i)-i))} 
+ max{d(F(aj 2m(i )_ 1 , y 2 m(i)-i), ^(^2n(i)> Z/2n(»)))> ^^(iM'J-i^M')-!)' F(y 2n( i), x 2n ^))} 

< 2 max{(i(F(x 2m (j) , 2/2m(i))> F(x 2m ty_x, 2/2m(i)-l))> d(F(jJ 2m ^ , X 2m (i)), F(y 2m (i)-1, X2 m (i)-l 

))} 

+ max{d(F(x 2mW , y 2m (i) ) > i? (^2n(i) , !/2n(i) ) ) > d (F(y 2m ^ , x 2m(i ) ) , F(y 2n ^ , x 2n(i) ) ) } . 
Using ([5]), (]15p and letting z — > +oo in the above inequality, we obtain 

lim uiax{d(F(x2 m (i)-i,y2 m (i)-i),F(x2n(i),y2n(i))),d(F(y2 m (i)-i , x 2 m(i)-i), F{y 2n (i), a?2n(i)))} = e - 

(16) 



7 



On other hand, we have 

max{d(F(x 2m (i) , 2/2m(i))> F(^2n(i) > Z/2n(i)))> d(F(y 2m (i) , x 2m (i)), F(y 2nfy{) , x 2n (i)))} 

< max{d(F(x 2m (j) , 2/ 2m (i)), ^X x 2n.(i)+1> y2n{i)+l))id{F(y 2m (i) , X 2m (i)), ffen(!)+l. ^2n(i)+l))} 

+ max{d(F(x 2n ( i)+1 , y 2n(i)+1 ), F(x 2n(i) , y 2n (i))), d{F{y 2nfyi)+l , x 2n (i)+i), F {y 2n{i) , x 2n{i) ))} . 
Since </3 is a continuous non-decreasing function, it follows from the above inequality that 

< (17) 
limsup <^(max{(i(F(x 2m ( i ) , y 2 m(i))> ^(^2n(i)+i> 2/2n(i)+l))> d(.F(2/2m(i) , %2m(i)), F {y2n(i)+l,%2n(i)+l))})- 

i—>+oo 

Using the contractive condition, on one hand we have 

m{i) j V2m (*)))> F ( x 2n(i)+i , J/2n(t)+l)) - ^( max { rf (G < 2; 2m ( i ) , Sx 2n (i) + i),d(Gy 2m (i) , 5y 2 n(i)+i)}) 

- ^(max{d(Gx 2m ( i ),S , x 2 „( i ) + i),d(Gy 2m ( i ),S , y 2ri (j) +1 )}) < 

V9(max{d(F(a; 2m ( i )_ 2 , y 2m(i) _ 2 )), F(x 2n(i) _ 1 , j/ 2 n(i)-l) 3 d(F(y 2m (i)-2, x 2m {i)-2)), F(y2n(i)-i, x 2n (i)-i)}) 

- <p(^ax{d(F(x 2m ^ i )_ 2 ,y 2m ^_ 2 )),F(x 2n ^_ 1 ,y 2n ^_ 1 ),d(F(y 2m ^^ 

On the other hand we have 

^{d{F{y 2m{i) ,x 2m{i ))),F{y 2n i yi)+l ,x 2n{i)+ i)) < ip(max{d(Gy 2m ^ , Sy 2n (i)+i), d(Gx 2m (i) , Sx 2n ( i)+1 )}) 

- (j)(max{d(Gy 2m ^,Sy 2n ^ +1 ),d(Gx 2m ^,Sx 2n ^ +1 )}) < 
tp(max{d(F(y 2m( i)_ 2 ,x 2m( i)_ 2 )),F(y 2n( iyx,x 2 ^ 

- <Mmax{d(F(y 2m(i )„ 2 ,x 2m(i )_ 2 ^ 

Therefore 

max{tp(d(F(x 2m (i) , y 2m (i))), F{x 2n{i)+ i, y 2n (i)+i)), f{d{F(y 2m{ ,^ , ar 2 m(i)))> F(y 2n{i)+l , x 2n{i)+l ))} 

< p{max{d(Gx 2m ^,Sx 2n ^ + i),d(Gy 2m ^,Sy 2n (j) +1 )}) - (p(max{d(F(x 2m ^_ 2 ,y 2m ^_ 2 )), 

F( x 2n(i)-1> 2/2n(i)-l)> d(F(y 2m ^__ 2 , £ 2m (j)_ 2 )), ^(j/2n(j)-l ) x 2n(i)-l )})• (18) 

We claim that 

max{o?(F(3; 2m ( i) _ 2 , y 2m (i)_ 2 )), -F(^2n(i)-i> 2/2n(i)-i), d(F(y 2m ^_ 2 , x 2m (;)_ 2 )), -F(y 2 n(i)-i, ^2n(i)-i)}) 
— >■ e as i — )■ +oo. (19) 

In fact, using the triangular inequality, we have 

d(F(x 2m (i)_ 2 , 2/ 2m (i)_ 2 ), -F(z2n(i)-1> 2/2n(i)-l)) 

< d(F(x 2m i yi) _ 2 , 7/ 2m (i)_ 2 ), i ? (^2m(i)-l> 2/2m(i)-l)) + d(-F( x 2m(i)-l> Z/2m(«)-l)> - ?? ( 2; 2n(i) ; V2n(i))) 

+ d{F{x 2n (^,y 2nlyi )),F(x 2n{i) _i,y 2ri i yi) _i)). 

Letting j — > +oo in the above inequality and using ([5]) and dT6j) , we obtain 

lim d(F(x 2m u\_ 2 ,y 2m / i \_ 2 ), F(x 2n r i \_i,y 2n r i \_i 

)) < e. (20) 
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On the other hand, we have 

d(F(x 2m (i)-l , y2m(i)-l),F(. x 2n(i) > V2n(i))) 

< d(F(x 2m ({)-X,y2m(i)-l)> F { x 2m(i)-2-,V2m{i)-2)) + d(F(x 2m ^_ 2 ,y 2m ^_ 2 ), F ( x 2n(i)-1 , V2n(i) 
+ d(F(x 2n (i)-l,y2n(i)-l),F( x 2n(i),y2n(i)))- 

Letting i — > +00 in the above inequality and using ([5]) and (fT6|) . we obtain 

e < lim d(F{x 2m u ) _ 2 ,y 2m{i) _ 2 ),F{x 2n{i) _ l ,y 2n{i) _ l )). (21) 

Combining (j20|) and ([2T]) . we get 

.lim d(F(x 2m (i)_2,2/2m(i)-2),-? ? (2;2n(i)-l'y2n(i)-l)) = £■ 

2— > + 0O W W W W 

By the same way, we obtain 

lim d(F(y 2m r i )_ 2 ,x 2m r i )_ 2 ),F(y 2n r i) _ 1 ,x 2n f i) _ 1 )) = e. 

Thus we proved (fT9|h Finally, letting i — >• +00 in (fTHj) . using (fT7|) . (JT9J) and the continuity 
of and 4>i we get < vK 5 ) ~~ <K e )> which implies that 4>(e) = 0, that is, e = 0, a 
contradiction. Thus (F(x 2n ,y 2n )) and (F(y 2n , x 2n )) are Cauchy sequences in X, which 
gives us that (F(x n ,y n )) and (F(y n , x n )) are also Cauchy sequences. 

Step 3: Existence of a coupled coincidence point. 

Since(F(x n , y n )) and ((F(y n , x n ))) are Cauchy sequences in the complete metric space 
(X, d), there exist a, a' £ X such that: 

lim F(x n ,y n ) = a and lim F(y n ,x n ) = a'. 

n— >+oo n— >+oo 

Therefore, lim G(x 2n+2 ) = a, lim G(y 2n+2 ) = a', lim S(x 2n +3) = « and 
lim 5(y 2n +3) = a. 

n— y+00 

using the continuity and the commutativity of F and G, we have 

G(G{x 2n+2 )) = G(F(x 2n ,y 2n )) ^ G(G(y 2n+2 )) = G(F(y 2n ,x 2n )) 
= F(Gx 2n ,Gy 2n ) = F(Gy 2n ,Gx 2n ). 

Letting n — > +00, we get G(a) = F(a,a') and G(a') = F(a',a). 

Using also the continuity and the commutativity of F and S, by the same way, we obtain 

S(a) = F(a, a') and S(a') = F(a' , a). 

Therefore 

G{a) = F{a,a') = S(a) and G(a') = F(a', a) = S(a'). 

Thus we proved that (a, a') is a coupled coincidence point of G, S and F. ■ 

In the next result, we prove that the previous theorem is still valid if we replace the 
continuity of F by some conditions. 

Theorem 2.2 If we replace the continuity hypothesis of F in Theorem \2.1\ by the following 
conditions: 
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(i) if (x n ) is a non- decreasing sequences with x n — > x then x n < x for each n G N, 

(ii) if (y n ) is a non-increasing sequences with y n — > y then y <y n for each n G N, 
(Hi) x, y G X, x H y => Gx ^ Sy, 

(iv) x, y G X, x y_ y Gx >z Sy. 

Then G, S and F have a coupled coincidence point. 

Proof. Following the proof of Theorem 12 .11 we have that F(x n ,y n ) and F(y n ,x n ) are 
Cauchy sequences in the complete metric space (X,d), there exist a, a' G X such that 

lim F(x n ,y n ) = a and lim F(y n ,x n ) = a'. 

n— ¥+00 n~ >+oo 

Therefore lim F(x2 n ,y2n) = ct and lim F(y2 n ,X2 n ) = Hence lim G(x2 n +2) = 

n— ¥+00 n— >+oo n— »+oo 

lim G{y2n+2) = c/> lim S{x2 n +z) = ct and lim S{y2 n +3) = Using the commuta- 

n— >+oo n— >+oo n— >+oo 

tivity of -F and G and of F and S* and the contractive condition, it follows from conditions 
(iii)-(iv) that 

(p(d(G(F(x2n,y2n)),S{F(x 2 n+l,y2n+l)))) 

= (p(d(F(Gx 2n , Gy 2n ), F(Sx 2n+1 , Sy 2n +i))) 

< <p(max{d(G(Gx 2n ), 5(5x 2 „+i)), d(G(Gy 2n ), S(Sy 2n+1 ))}) (22) 
- <t>(m^{d(G(Gx 2n ),S(Sx 2n+1 )),d(G(Gy 2n ),S(Sy 2n+1 ))}). (23) 

Similarly, we have 

tp(d(G(F(y 2n ,x 2n )),S(F(y 2n+1 ,x 2 „+i)))) 
= ip(d(F(Gy 2n , Gx 2n ), F(Sy 2n +i, Sx 2n +i))) 

< ip(uiax{d(G(Gy 2n ), S(Sy 2n+ i)),d(G(Gx 2n ), S(Sx 2n+ i))}) (24) 
-</>(max{d(G(Gy 2n ),S(Sy 2n+ i)),d(G(Gx 2n ),S(Sx 2n+1 ))}). (25) 

Combining ([22]) . ([231) and the fact that max{<^(a), = v?(max{a, b}) for a, 6 G [0, +oo), 

from (iii)-(iv), we obtain 

tp(m&x{d(G(F(x2n,y2n)),S(F(x2n+l,y2n+l))),d(G(F(y2n,X2n)),S(F(y2„ + l,X2n+l)))}) 

< (p(max{d(G(Gx 2n ), S(Sx 2n+1 )), d(G(Gy 2n ), S(Sy 2n+ i))}) 
- 4>(ma,yL{d(G(Gx2n),S(Sx2n+i)),d(G(Gy 2n ),S(Sy 2 n+i))})- 

Letting n — > +oo in the last expression, using the continuity of G and S, we get 

<^(max{cZ(G(a), S(ct)),d(G(a'), S(a'))}) 

< <p(m&x{d(G(a), S(a)),d(G(a'), S(a'))}) - <f>(max{d(G(a), S(a)),d(G(a'), S(a'))}). 

This implies that </>(max{d(G(a), S(a)), d(G(a'), S(a'))}) = and, since <f> is an altering 
distance function, then 

max{d(G(a), S(a)),d(G(a'), S(a'))} = 0. 
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Consequently 

G(a) = 5(a) and G(a') = S(a'). (26) 

To finish the proof, we claim that F(a,a') = G(a) = 5(a) and F(a',a) = G(a') = S(a'). 
Indeed, using the contractive condition, it follows from (i)-(iv) that 

<p(d(F(Gx 2n ,Gy 2n ),F(a,a'))) 

< p(m & x{d(G(Gx 2n ), S(a)),d(G(Gy 2n ), S(a'))}) - <t>(m^{d(G(Gx 2n ), S(a)), d(G(Gy 2n ), S(a'))}) 
< V (m&x{d(G(Gx 2n ),S(a)),d(G(Gy 2n ),S(a'))}). 

Using the fact that ip is non-decreasing, we get 

d(F(Gx 2n ,Gy 2n ),F(a,a')) < max{d(G(Gx 2n ),S(a)),d(G(Gy 2n ),S(a'))}. (27) 

Similarly, we have 

<p(d(F(Gy 2n , Gx 2n ),F(a', a))) < <p(mzx{d(G(Gy 2n ),S(a')),d(G(Gx 2n ),S(a))}) 

-0(max{d(G(Gy 2n ), S(a')), d(G(Gx 2n ), S(a))} 
< p(m a x{d(G(Gy 2n ), S(a')),d(G(Gx 2n ), 5(a))}). 

Using the fact that ip is non-decreasing, we see that 

d(F(Gy 2n ,Gx 2n ),F(a',a)) < max{d(G(Gy 2n ), 5(a')), d(G(Gx 2n ), 5(a))}. (28) 

Combining (1271) and (|28j) . we get 

max{d(F(Gx 2n , Gy 2n ), F(a, a')),d(F(Gy 2n ,Gx 2n ),F(a', a))) 

< m a x{d(G(Gy 2n ),S(a')),d(G(Gx 2n ),S(a))}. 

Using the commutativity of F and G, we write 

max{d(G(F(x 2n , U2n))), F{a, a')),d(G(F(y 2n ,x 2n )),F(a , a))} 

< max{d(G(Gy 2n ),S(a')),d(G(Gx 2n ),S(a))}. 

Letting n — > +oo, using the continuity of G, we obtain 

max{d(G(a), F(a, a')),d(G(a'), F(a', a))} < max{d(G(a), 5(a)), d(G(a'), 5(a'))}- 
Looking at ([26]) . we deduce that 

m&x{d(G(a), F(a,a')),d(G(a'), F(a ,a))} = 0. 

Therefore, 

d(G(a),F(a, a')) = and d(G(a'), F(a' , a)) = 0. 

Consequently 

G(a)=F(a,a) and G(a!) = F(a', a). (29) 
By the same way, we get 

S{a) = F(a,a) and 5(a') = F(a ,a). (30) 
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Finally, combining ([26]) . ([29}) and (f30|) . we deduce that (a, a') is a coupled coincidence 
point of F, G and 5. ■ 

Now, we give a sufficient condition for the existence and the uniqueness of the coupled 
common fixed point. Notice that if (X, -<) is a partially ordered set, we endow X x X with 
the following partial order relation: 

for (x, y), (u, v) £ X x X, (x, y) ^ {u,v) ^ x < u and y y v. 

Theorem 2.3 In addition to the hypotheses of Theorem \2.1\ (resp. Theorem \2.2}) . sup- 
pose that for every (x, y), (x* , y*) £ X x X there exists a (u, v) £ X x X such that 
(F(u, v), F(v, u)) is comparable to (F(x, y), F(y, x)) and (F(x*, y*), F(y*, x*)). Then 
F, G and S have a unique coupled common fixed point, that is, there exist a unique 
(x, y) £ X x X such that 

x = G(x) = F(x, y) = S(x) and y = G{y) = F(y, x) = S(y). 

Proof. We know, from Theorem 12.11 (resp . Theorem l2.2p . that exists a coupled coincidence 
point. We suppose that exist (x, y) and (x*, y*) two coupled coincidence points, that 
is, G{x) = F(x, y) = S(x), G(y) = F(y, x) = S(y), G(x*) = F(x*, y*) = S(x*) and 
G(y*) = F(y*, x*) = S(y*). 
We claim that 

G(x) = G(x*) = S(x*) = S(x) and G(y) = G(y*) = S(y*) = S(y). (31) 

If (F(x, y), F(y, x)) is comparable to (F(x* , y*), F(y*, x*)), it is easy to reach the result, 
then we suppose the general case. 

By assumption there is (u, v) E X x X such that (F(u, v), F(v, u)) is comparable to 
(F(x, y)F(y, x)) and (F(x*, y*)F(y*, x*)). We distinguish two cases: 
First case: We assume that 

(F(x, y), F{y, x)) * (F(u, v), F(v, u)) and (F(x*, y*), F(y*, x*)) ± (F(u, v), F{v, u)). 
Put uq = u and vq = v and we choose u\ and v\ such that G{uq) ■< S{ui) ^ F{uq, Vq), 
G{v ) t S( Vl ) h F(v , n ). 

Similarly as in the proof of Theorem 12. 1( we can construct sequences {u n } and {v n } in X 
such that 

G{u 2n +2) = F(u 2 n,V 2 n) ^ f S{u 2n +3) = F {u 2n +l , V 2 n+l) for a]1 n > q 

G{v 2n+2 ) = F(v 2n ,u 2n ) \ S(v 2n+3 ) = F(v 2n+1 ,u 2n+ i) 

Looking at the proof of Theorem I2.1} precisely at ((3|), we see that {G(u 2n )} is a non- 
decreasing sequence, G(u 2n ) < S(u 2n+ i), and {G(v 2n )} is a non-increasing sequence, 
G(v 2n ) y S(v 2n+1 ). 
Therefore, we have 

G{x) = F(x,y) < F(u ,v ) = G(u 2 ) < G{u 2n ) < S(u 2n+1 ) 

and (32) 
G(y) = F(y,x) h F(v ,u ) = G{v 2 ) y G(v 2n ) h S(v 2n+1 ). 
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Similarly, we have 

G(x*) = F(x*,y*) 1 F(u 0l v ) = G{u 2 ) ■< G(u 2n ) ■< S(u 2n+l ) 

and (33) 
G(y*) = F(y*,x*) t F(v ,u ) = G(v 2 ) h G{v 2n ) h S(v 2n+1 ). 
Using (|3'2|) and the contractive condition, we write 

<p(d(F(x,y),F(u 2n+u v 2n+1 ))) < ip(max{d(Gx, Su 2n+1 ), d(Gy, Sv 2n+1 )}) 

-(f)(max{d(Gx, Su 2n+1 ),d(Gy, Sv 2n+1 )}) 

and 

tp(d(F(y, x),F(v 2n+ i,u 2n+1 ))) < cp(max{d(Gy , Sv 2n+1 ),d(Gx, Su 2n+ i)}) 

-<p(max{d(Gy,Sv 2n+1 ),d(Gx, Su 2n+ i)}). 

Therefore 

tp(max{d(F(x, y), F(u 2n +i, v 2n +i)), d{F(y, x),F(v 2n+1 , u 2n+1 ))}) 

< (p(max{d(Gx, Su 2n+ i),d(Gy, Sv 2n+ x)}) 
-<f)(max{d(Gx, Su 2n+ i),d(Gy, Sv 2n+ i)}). 

Therefore 

(p(max(d(G(x), Su 2n+3 ), d(Gy, Sv 2n+3 ))) < <p(max(d(G(x), Su 2n+1 ),d(Gy, 5t; 2 n+i))l34) 

-(p(max(d(G(x), Su 2n+1 ),d(Gy, Sv 2n+1 ))). 

We see that 

(p(max{d(Gx, Su 2n+3 ),d(Gy, Sv 2n+3 )}) < <p(max{d(Gx, Su 2n+1 ),d(Gy, Sv 2n+1 )}). 

Using the non-decreasing property of cp, we get 

max{d(Gx,Su 2n+3 ),d(Gy,Sv 2n+3 )} < max{d(Gx, Su 2n+ i),d(Gy, Sv 2n+1 )}. 

This implies that max{d(Gx, Su 2n+ i), d{Gy, Sv 2n+ i)} is a non-increasing sequence. 
Hence, there exists r > such that 

lim max{d(Gx,Su 2n+ i),d(Gy,Sv 2n+ i)} = r. 

n— ¥+oo 

Passing to limit in (134p as n — > +oo, we obtain 

ip(r) < cp(r) - <p(r), 

which implies that 4>{r) = and then, since <f> is an altering distance function, r = 0. 
We deduce that 

lim max{d(Gx,Su 2n+ i),d(Gy,Sv 2n+ i)} = 0. (35) 

n— >+oo 
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Similarly, one can prove that 

lim max{d(Gx*, Su 2n +i), d(Gy* , Sv 2n +i)} = 0. (36) 

n— >+oo 

By the triangle inequality, ([35]) and (f36l) . 

d(Gx, Gx*) < d(Gx, Su 2n+ i) + d{G(x*), Su 2ri+ \) — ^ as n — > +oo, (37) 
Gy*) < o!(Gy, 5u 2n+1 ) + ), Sv 2n+ i) ^ as n -> +oo. (38) 

Hence 

G(x) = G(x*) and G(y) = G(y*). (39) 
This prove the claim (|3ip in this case. 

Second case: We assume that (F(x, y), F(y, x)) y (F(u, v), F(v, u)) and 
(F(x*, y*), F(y*, x*)) h {F{u, v), F(v, «)). 

Put uq = u and vq = v and we choose u\ and v\ such that G{uq) y S(ui) >z F(uo, Vq), 
G{v ) d 5(tn) d ^(«o, wo). 

Similarly as in the proof of Theorem l2.lt we can construct sequences {u n } and {v n } in X 
such that 

G{u 2n+2 ) = F(u 2n ,v 2n ) and f S(u 2n+3 ) = F (u 2n+1 , v 2n+1 ) f ^ a ll n > 
G{v 2n+2 ) = F(v 2n ,u 2n ) \ S(v 2n+3 ) = F(v 2n+ i,u 2n+ i) 

Looking at the proof of Theorem 12.11 precisely at (|3|), we see that {G(u 2n )} is a non- 
increasing sequence, G{u 2n ) y S(u 2n+ i), and {G{v 2n )} is a non-decreasing sequence, 
G(v 2n ) ^ S(v 2n+ i). 
Therefore, we have 

G(x) = F{x,y) t F{u ,v ) = G{u 2 ) h G{u 2n ) h S(u 2n +i) 

and 

G(y) = F{y,x) < F(v ,u ) = G(v 2 ) ± G(v 2n ) * S(v 2n+1 ). 
Similarly, we have 

G(x*) = F(x*,y*) t F(u ,v ) = G{u 2 ) y G(u 2n ) y S(u 2n+l ) 

and 

G(y*) = F(y\x*) * F(v ,u ) = G(v 2 ) * G{v 2n ) < S{v 2n+l ). 

From this, we complete the proof identically as in the first case and we obtain the claim 
(j3T|) in this case. Since G{x) = F(x,y) = S(x) and G(y) = F(y,x) = S(y), by the 
commutativity of F, G and F, S, we have 

G(G(x)) = G(F(x,y)) = F(Gx,Gy) f S(S(x)) = S(F(x,y)) = F(S(x), S(y)) 

G(G(y)) = G(F(y,x)) = F(Gy, Gx) aM \ S(S(y)) = S(F(y,x)) = F(S(y), S(x)). 



Set G(x) = a = S(x), G(y) = b = S(y). Then from 

G(a) = F(a, b) = S(a) and G(b) = F(b, a) = 5(6). (41) 
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Thus (a, b) is a coupled coincidence point. Then from (|3ip with x* = a and y* = b it 
follows that G(a) = G(x) = 5(a) and G(6) = G(y) = S{b). Therefore 

G(o) = a = 5(a) and G(6) = b = S(b). (42) 

We deduce that (a, 6) is a coupled common fixed point. To prove the uniqueness, assume 
that (c, d) is another coupled common fixed point. Then by (|3ip and (|42ft we have c = 
G(c) = G(a) = a and d = G(d) = G(6) =6. ■ 

Remark 2 

Taking G = S = Ix (the identity mapping of X) in Theorem \2. 11 we obtain P?| Theorem 

ay. 

Taking G = S = Ix in Theorem \2.2\. we obtain |7l Theorem 3]. 

Taking 5 = G in Theorem 12.31 we obtain the following result. 

Corollary 2.1 Let (X, ^) be a partially ordered set and suppose that there exists a metric 
d on X such that (X, d) is a complete metric space. Let G : X — > X be two mappings and 
F : X x X — > X be a mapping with the mixed G-monotone property and satisfying 

tp(d(F(x,y),F(u,v))) < ^(max{d(Gx, Gu), d(Gy, Gv)}) - 0(max{Gr, Gu), d{Gy, Gv)}), 

for all x, y,u,v £l withG(x) ± G(u) orG(x) y G{u) andG(y) h G(v) orG(y) ± G(v), 
where (p and 4> are altering distance functions. Assume that F{X x X) C G(X) and assume 
also the following hypotheses: 

1. G is continuous, 

2. F is continuous or G is non- decreasing mapping and X satisfies the following prop- 
erties: 

• if (x n ) is a non- decreasing sequences with x n — > x then x n <x for each n£N, 

• if (Un) is a non-increasing sequences with y n — >• y then y -< y n for each n € N; 

3. for every (x, y), (x*, y*) £ X x X there exists a (u, v) € X x X such that 
(F(u, v), F(v, u)) is comparable to (F(x, y), F(y, x)) and (F(x*, y*), F(y*, x*)), 

4- F commutes with G. 

If there exist xq, yo € X such that 

f G(x ) ±F(x ,y ) 

\ G(y )) t F(y ,x ) 

then there exists a unique (x, y) € X x X such that 

x = G(x) = F(x,y) and y = G(y) = F(y,x), 

that is, G and F have a unique coupled common fixed point. 
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3 Applications to periodic boundary value prob- 
lems 



In this section, we study the existence and uniqueness of solution to a periodic boundary 
value problem, as an application to the fixed point theorem given by Corollary 12.11 
Let C([0,T],R) be the set of all continuous functions u : [0, T] — > M and consider a 
mapping G : C([0,T],R) -)• C([0,T],R). 
Consider the periodic boundary value problem 



u' = f(t,u) + h(t,u), t £ (0,T) 
u(0) = u(T), 



(43) 
(44) 



where /, h are two continuous functions satisfying the following conditions: 

There exist positive constants Ai, A2, Hi and fj,2, such that for all u, v £ (C([0, T], M), 

Gv{t) < Gu{t), 

< (f{t, u(t)) + Ai«(t)) - (/(i, v(t)) + Aiv(t)) < mi ln[(Gu(t) - Gv(t)f + 1] (45) 
- fi 2 \n[(Gu(t) - Gv{t)f + 1] < (h(t, u(t)) + X 2 u(t)) - (h(t, v(t)) + X 2 v(t)) < (46) 



with 



2max{/xi,/x 2 } 



< 1. 



Ai + A 2 

We firstly study the existence of a solution of the following periodic system: 

v! + \\u — X 2 v = f(t, u) + h(t, v) + Ain — X 2 v 
v' + X\v — X 2 u = f(t, v) + h(t, u) + X\v — X 2 u, 

with the periodicity condition 

u(0) = u{T) and u(0) = v(T). 

This problem is equivalent to the integral equations: 



(47) 

(48) 
(49) 



u(t) = 

v(t) = 
where 



ki(t,s)[f(s,u) + h(s,v) + Xiu - X 2 v] + / k 2 (t, s)[f(s, v) + h(s,u) + X\v - X 2 u]ds 



ki(t,s)[f(s,v) + h(s,u) + Xiv-X 2 u]+ / k 2 (t,s)[f(s,u) + h(s,v) + Xiu — X 2 v]ds 



ki(t,s) 



cri{t—s) 



+ 



1 - e aiT 1 - e a2T 



o 0l(t+T-«) e cr 2 (i+T-s) 

+ 



1 - e CTlT 1 - e CT2T 



< s < t < T 



< t < s < T 



k 2 (t,s) 



,<T2(t— S) 



,<Jl(t— s) 



+ 



1 - e CT2T 1 - e CTlT 



e a 2 {t+T-s) gCTi (i+T-s) 



1 - e CT ^ 



+ 



1 - e ff i 



T 



< s < t < T 
< t < s < T. 
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Here, u\ = — (Ai + A 2 ) and a 2 = (A 2 - Ai). 
From [3J Lemma 3.2], we have 

h(t,s)>0, 0<t,s<T and k 2 (t,s)<0, 0<t,s<T. (50) 

We assume that there exist a,/3 € C([0,T]) such that 

G(a(t))< [ k 1 (t,s)(f(s,a(s)) + h(s,P(s)) + \ 1 a(s)-\ 2 P(s))ds 



o 

+ / k 2 (t, s){f(s, (3(s)) + h(s, a{s)) + Ai/3(s) - \ 2 a(s))ds 



(51) 



and 



G(f3(t))> I A; 1 (t, S )(/( S ,/3( S )) + / i ( S ,a( S )) + A 1 /3( S )-A 2 a( S ))d S 
o 



+ / k 2 {t,s)(f(s,a(s)) + h(s,p(s)) + X 1 a{s)-X 2 ^{s))ds. (52) 
Jo 

We endow X = C([0,T1,R) with the metric d(u, v) = max \u(t) — v(t)\ for u, v 6 X. 

te[o,T] 

This space can be equipped with a partial order given by 

x, y e C([0,T]), x r< y «*jc(t) < y(t), for any i e [0,T]. 

In X x X we define the following partial order 

(x, y), (u, v) £ X x X, (x, y) < (u, v) ^ x ■< u and y >z v. 

Since for any x, y € X we have that max(x, y) and min(x, y) £ X, assumption 3 of 
Corollary 12.11 is satisfied for (X, X). Moreover in |10| it is proved that (X, ^) satisfies 
assumption 2 of Corollary 12.11 

Now, we shall prove the following result. 

Theorem 3.1 Suppose that G : X — >■ X is a non- decreasing continuous mapping. Suppose 
also that ^ty-fiAty and i51\) - [^\) hold. Then |^<g[)-|7PP has a unique solution. Therefore 
|^3p-f^P /ias a£so a unique solution. 

Proof. We introduce the operator F : IxI->I defined by 

f T 

F(u,v)(t) = / ki(t,s)[f(s,u) + h{s,v) + X\u — X 2 v] ds 
Jo 

f T 

+ / k 2 (t, s)[f(s, v) + h(s, u) + X\v — X 2 u\ds 
Jo 

for all u, v E X and i E [0, T]. 
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We claim that F has the mixed G-monotone property. 
In fact, for Gx\ < Gx 2 and t € [0, T], we have 

F(x 1 ,y)(t)-F(x 2 ,y)(t) = [ k x {t, s)tf{a,x x {a)) - f{s,x 2 ) + Xi( Xl (s) - x 2 (s))ds 

Jo 

+ / k 2 (t,s)(h(s,xi(s)) - h(s,x 2 ) - X 2 (xi — x 2 ))ds. 
Jo 

From g5D, ([M]) and P), for all i € [0,T], we have 

F( Xl ,y)(t)-F(x 2 ,y)(t) < 0. 

This implies that 

F( Xl ,y)^F(x 2 ,y). 
Also, for Gyi ^ G?/2 and t G [0,T], we have 

F(x,yi)(t) - F(x,yi)(t) = / kx(t, s)(h(s,yi(s)) - h(s,y 2 ) - A 2 (yi(s) - y 2 (s))ds 

Jo 

+ / k 2 (t,s)(f(s,yi(s)) - f(s,y 2 ) + Xi(yi - y 2 ))ds. 
Jo 

Looking at g5]), (g6|) and ([50]), for all i € [0, T], we have 

F(x, yi )(t)-F(x,y 2 )(t) >0, 

that is, 

> F(x,y 2 ). 

Thus, we proved that F has the mixed G-monotone property. 

For G(x) ^ G(u) and G(y) >: G(t>), we have F(x,y) >z F(u,v) and 

d(F(x,y),F(u,v)) = max \F(x,y)(t) - F(u,v)(t)\ 

t£[0,T] 

= max (F(x,y)(t) - F(u,v)(t)) 
te[o,T] 

= max / ki(t,s)[(f(s,x(s)) - f(s,u(s)) + X x (x - u)) - (h(s,v(s)) - h(s,y(s)) - X 2 (y - 

*6[0,T] Jo 
T 

k 2 (t,s)[(f(s,v(s)) - f(s,y(s)) + Ai(u - y)) - (h(s,u(s)) - h(s,x(s)) - X 2 (u - x))]ds 

o 

Using (jl5|) and (fl6j) we get 

d(F(x,y),F(u,v)) 

< max / ki{t, s) ( mhxUGxis) - Gu{s)f + 1] + /j, 2 ln[(Gy(s) - Gv(s)) 2 + ll) ds 
*e[o,T]./ V / 

+ J (-k 2 (t, s)) In[(Gu(s) - Gy{s)) 2 + 1] + /x 2 ln[(Gx(s) - Gu(s)) 2 + 1]^ ds 

< max(fii, fi 2 ) max / (ki(t, s) — k 2 (t, s)) ln[(Gx(s) — Gu(s)) 2 + l]ds 

*e[o,T]J 

+ / (h(t, s) - k 2 (t, a)) ln[(Gy(s) - Gv(s)) 2 + l]cte. 
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An easy computation yields 
d(F(x,y),F(u,v)) 

< ( max / (h(t,s) - k 2 (t,s))ds) max( W ,/i 2 ) (ln[{d{Gx, Gu)) 2 + 1] + ln[(d(Gy, Gv )) 2 + 1]) 

< 21 max / (ki(t, s) — kz(t, s))ds I max(ui, ^2) ln[(max(d(Gx, Gu), d(Gy, Gv))) 2 + 1] 

V*g[o,t]7o / 



<2max(ui,u 2 ) max 
te[o,T] 



After integrating, we get 



t e< Ji(t-s) /-T gfJl (t+T-s) 



1 - e' 717 " /, 1 - e aiT 



ds + — Tf^ds 



ln[(max(d(Gx,Gu),d(Gy,Gv))) 2 + 1]. 



d(F{x,y),F(u,v)) < 2max (/ i i^2) i n [( ma x(d(Gx,Gu),d(Gy,Gv))) 2 + 1]. 

Ai + A2 

From (|47p . we obtain 

d(F(x, y),F(u, v)) < ln[(max(d(Gx, Gu),d(Gy, Gv))) 2 + 1} 
which implies that 

(d(F(x,y),F(u,v))) 2 < (ln[(max(d(Gx, Gu), d(Gy, Gv))) 2 + l}) 2 . 

Then, 

(d(F(x,y),F(u,v))) 2 < (max(d(Gx,Gu),d(Gy,Gv))) 2 

- [(max(d(Gx,Gu),d(Gy,Gv))) 2 - (ln[(max(d(Gx,Gu),d(Gy,Gv))) 2 + I}) 2 ] . 

Set tp(t) = t 2 and (p(t) = t 2 — ln(t 2 + 1). Clearly ip and 4> are altering distance functions 
and from the above inequality, we obtain 

ip(d(F(x, y),F(u, v))) < ip(max{d(Gx, Gu),d{Gy, Gv)})-<P((max{d{Gx, Gu),d(Gy, Gv)})) 

for all x,y,u, v G X such that G(x) ^ G(u) and G(y) >z G(v). 

Now, let a, /3 E X be the functions given by (|5ip and (|52p .Then. we have 



G(a) r< F{a,P) and F(/3,a) ^ 

Thus, we proved that all the required hypotheses of Corollary 12.11 are satisfied. Hence, 
G and F have a unique coupled fixed point (u, v) € X x X, that is, (u, v) is the unique 
solution of (HHD-flMD. ■ 
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